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1.
1.1. $\det_{\alpha}A$
$\bullet$ ( ) $n$ $A=(a_{ij})_{i}^{n_{j_{=1}}}$,
$\bullet$ $n$ $n$ $S_{n}$
$\bullet$ 1 $\alpha$
$\bullet$ $\alpha=-1,$ $\alpha=1$ permanent :
$\det_{-1}A=\det A$ , $\det_{1}A=$ per$A$ .
1
$\det_{\alpha}A=\sum_{\sigma\in S_{n}}\alpha^{d(\sigma)}\prod_{i=1}^{n}a_{i\sigma(i)}$ .














1722 2010 154-166 154
(HIROYUKI OCHIAI, KYUSHU UNIV)
1.3.
$\alpha$ ?
Conjecture 1. [1, Conjecture 1.3] $\alpha$
(1) $A$ $\det_{\alpha}A\geq 0$
$\alpha\in\{-1/m|m\in N\}\cup[0,2]$
(2) $A$ $\det_{\alpha}A\geq 0$
$\alpha\in\{-1/m|m\in N\}\cup[0,1]$
( ) 1
. $\alpha<0$ (1)(2) $\alpha$
[1, Proposition 4.3]
[1, Lemma 2.2]. $\alpha\geq 0$ (1) $\alpha\in[0,2]$
[1, Proposition 4.4]. (2) $\alpha\in[0,4/3]$
[1, Remark 5].. $\alpha\geq 0$





) $N,$ $K$ 2 $u,$ $v\in C^{K+2N}$





$A$ 2 $\det_{\alpha}A$ $\alpha,$ $N,$ $K$ [1] $K=2,3$
$\alpha>2,$ $\alpha>4/3$ $N$














Theorem 2. $u,$ $v$ (1) $(2)$ $A^{(K,N)}=u^{*}u+v^{*}v$
$\lim_{Narrow+\infty}\frac{\det_{\alpha}A^{(K,N)}}{2c_{N}(\alpha)c_{N+K}(\alpha)}=3F2(-\epsilon,$ $\frac{1-K}{2},$ $- \frac{K}{2};\frac{1}{2},1-\epsilon|1)$ .
$c_{N}( \alpha)=\prod_{j=1}^{N-1}(1+j\alpha),$ $\epsilon=1-(1/\alpha)$
$3F2$
$3F2(a, b, c;d, e|x)= \sum_{n=0}^{\infty}\frac{(a)_{n}(b)_{n}(c)_{n}}{(d)_{n}(e)_{n}n!}x^{n}$
$(a)_{n}=a(a+1)\cdots(a+n-1)$
$\alpha>1$ $K,$ $N$ $\det_{\alpha}A^{(K,N)}<0$
1.5. [1, Proposition 4.3] $A$ $p$ $\alpha\in[0,1/(p-1)]$
$\det_{\alpha}A\geq 0$
2 $A$ $\det_{\alpha}A\geq 0$
$\alpha\in[0,1]\cup\{-1/m|m\in N\}_{\lrcorner}$
$\alpha$ 2 ( $=$ )
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$u,$ $u’\in C^{n}$ $A={}^{t}uu’$ $u=(u_{1}, \ldots, u_{n}),$ $u’=(u_{1}’, \ldots\cdot, u_{n}’)$
$a_{ij}=u_{i}u_{j}’(i,j=1, \ldots, n)$
$\det_{\alpha}A=c_{n}(\alpha)\prod_{j_{=1}}^{n}uju_{j}’$ (3)
(c.f. [1, Proposition 4.4]) $c_{n}( \alpha)=\prod_{j_{=0}}^{n-1}(1+j\alpha)$ $(\alpha$ $)$
$n$







$\alpha\not\in\{-1/m|m\in N\}$ $n=1+ \min\{j\in Z_{\geq 0}|1+j\alpha<0\}$
$\det_{\alpha}1<0$
22. 2 2 1 2
$X$ $X$ 2









1 2 2 4
: $A$ 2 4
$u,$ $u’,$ $v,$ $v’\in C^{n}$ $A={}^{t}uu’+{}^{t}vv’$ $A=(a_{ij})_{i,j=1,\ldots,n}$
$u_{i},$ $u_{i}’,$ $v_{i},$ $v_{i}’\in C(i=1, \ldots, n)$












$\det_{\alpha}A$ $=$ $\sum_{\sigma\in S_{\hslash}}\psi(\sigma)\prod_{i=1}^{n}(u_{i}u_{\sigma(i)}’+v_{i}v_{\sigma(i)}’)$




Lemma 4. $G$ $H$ $G$ $H$ $\psi$
$G$ $G\cross G$ $\psi$
$\overline{\psi}(g_{1}, g_{2})=\sum_{h\in H}\psi(g_{2}hg_{1}^{-1})$
(7)
$g,g_{1},$ $g_{2}\in G,$ $h_{1},$ $h_{2}\in H$ $\overline{\psi}(gg_{1}, gg_{2})=$
$\overline{\psi}(g_{1}, g_{2})=\overline{\psi}(g_{1}h_{1}, g_{2}h_{2})$ $\overline{\psi}$ $G\backslash ((G/H)\cross(G/H))$
$k\leq n$
$\Sigma(k, n)$ $:=\{I\subset\{1, \ldots, n\}|\# I=k\}$
(the field of one elefnent)
$S_{n}$ $\{$ 1, $\ldots,$ $n\}$ Aut $(\{1, \ldots, n\})$
$\Sigma(k, n)$ $S_{n}$ $G=S_{n}$
base point $\{$ 1, $\ldots,$ $k\}\in\Sigma(k, n)$ $H$ $G$
$\Sigma(k, n)\cong G/H$, $gH\mapsto I=g(\{1, \ldots, k\})$ (8)
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: $H=S_{k}\cross S_{n-k}\subset G$
Lemma. 5. $\psi$ $S_{n}$ $\overline{\psi}$ (6)
(1) $I,$ $J\subset\{1, \ldots, n\}$ O $I$ $J$ $\overline{\psi}(I, J)=0$
(2) (6) (7) (8)
(3) $I,$ $J,$ $I’,$ $J’\in\Sigma(k, n)$ $(I, J)$ $(I’, J’)$ $\Sigma(k, n)\cross\Sigma(k, n)$
$G=S_{n}$ $\#(I\cap J)=\#(I’\cap J’)$
(4) $I,$ $J,$ $I’,$ $J’\in\Sigma(k, n)$ $\#(I\cap J)=\#(I’\cap J’)$ $\overline{\psi}(I, J)=\overline{\psi}(I’, J’)$












2.6. :Theorem 3 (5)
$\det_{\alpha}A$ $=$ $\sum_{k=0}^{n}\sum_{l=0}^{n}\overline{\psi}_{n,k,l}\varphi_{n,k,l}$ (10)
$\varphi_{n,k,l}$ $;=$ $\varphi_{n,k,l}((u_{i})_{i=1}^{n}, (u_{i}’)_{i=1}^{n}, (v_{i})_{i=1}^{n}, (v_{i}’)_{i=1}^{n})$
$:=$ $\sum_{I,J\in\Sigma(k,n);\#(I\cap J)=l}(\prod_{i\in I\cap J}u_{i}u_{i}’)$ . $\prod_{i\in I\cap J^{c}}u_{i}v_{i}’)$ . $\prod_{i\in I^{c}\cap J}v_{i}u_{i}’)(\prod_{i\in I^{c}\cap J^{c}}v_{i}v_{i}’)$ .
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$\Sigma(k_{1}, k_{2}, k_{3}, k_{4};n)$ $:=\{(I_{1}, I_{2}, I_{3}, I_{4})|I_{1}\cup I_{2}\cup I_{3}\cup I_{4}=\{1, \ldots, n\}, I_{i}\cap I_{j}=\emptyset(1\leq i<j\leq 4)\}$
$\phi_{k_{1},k_{2},k_{3},k_{4}}:=\sum_{(I_{1},I_{2},I_{3},I_{4})\in\Sigma(k_{1},k_{2},k_{3},k_{4};k_{1}+k_{2}+k_{3}+k_{4})}(\prod_{i\in I_{1}}u_{i}u_{i}’)(\prod_{1\in I_{2}}u_{i}v_{i}’)(\prod_{i\in I_{3}}v_{i}u_{i}’)(\prod_{i\in I_{4}}v_{i}v_{i}’)$
$\varphi_{n,k},\downarrow=\phi_{l,k-l,k-l,n-2k+l}$
$\Phi(t_{1}, t_{2}, t_{3}, t_{4}):=\sum_{k_{1},k_{2},k_{3},k_{4}\geq 0;k_{1}+k_{2}+k_{3}+k_{4}=n}\phi_{k_{1},k_{2},k_{3},k_{4}}t_{1}^{k_{1}}t_{2}^{k_{2}}t_{3}^{k_{3}}t_{4}^{k_{4}}$
$= \prod_{i=1}^{n}(u_{i}u_{i}’t_{1}+u_{i}v_{i}’t_{2}+v_{i}u’\dot{.}t_{3}+v_{i}v_{i}’t_{4})$ .
$\varphi$
$\Phi$ $t_{2}$ $t_{3}$ ( )
$\Phi_{diag}(t_{1}, t_{2}t_{3}, t_{4}):=\sum_{k,l}\varphi_{n,k,l}t_{1}^{l}(t_{2}t_{3})^{k-l}t_{4}^{n-2k+l}$
3.
2 $A$ $u,$ $u’,$ $v,$ $v’$
2
3.1. $K,$ $N$ $n=K+2N$ $A=$
${}^{t}uu’+{}^{t}vv’$ $u,$ $u’,$ $v,$ $v’\in C^{n}$. $u_{i}$ $=$ u\’i $=$ l for $i=K+1,$ . . . , $K+N$ ,. $u_{i}=u_{i}’=0$ for $i=K+N+1,$ $\ldots,$ $K+2N$ ,. $v_{i}=v_{i}’=0$ for $i=K+1,$ . . . , $K+N$ ,. $v_{i}=v_{i}’=1$ for $i=K+N+1,$ $\ldots,$ $K+2N$
$u_{i}u_{i}’t_{1}+u_{i}v_{i}’t_{2}+v_{i}u_{i}’t_{3}+v_{i}v_{i}’t_{4}=\{\begin{array}{l}t_{1} i=K+1, \ldots, K+Nt_{4} i=K+N+1, \ldots, K+2N\end{array}$
K-part $(N=0)$
$\Phi^{(N=0)}(t_{1}, t_{2}, t_{3}, t_{4}):=\prod_{i=1}^{K}(u_{i}u_{i}’t_{1}+u_{i}v_{i}’t_{2}+v_{i}u_{\dot{\iota}}’t_{3}+v_{i}v_{i}’t_{4})$ .
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K-part $n$
$\Phi(t_{1}, t_{2}, t_{3}, t_{4})=t_{1}^{N}t_{4}^{N}\Phi^{(N=0)}(t_{1}, t_{2}, t_{3}, t_{4})$
$\phi_{N+k_{1},k_{2},k_{3},N+k_{4}}$ $=$ $\phi_{k_{1},k_{2},k_{3},k_{4})}^{(N=0)}$ (11)
$(N=0)$
$\varphi_{2N+K,N+k,N+l}$ $=$ $\varphi_{K,k,l}$ (12)
(10) Lemma 7
$\det_{\alpha}A$ $=$ $\sum_{k=0}^{K}\sum_{l=0}^{K}\varphi_{K,k,l}^{(N--0)}\overline{\psi}_{2N+K,N+k,N+l}(\alpha)$ (13)















3.3. $K$ $\omega=\exp(2\pi\sqrt{-1}/K)$ 1 $K$
Section 3.1. $u_{i}=u_{i}’=1$ for $i=1,2,$ $\ldots,$ $K$ .. $v_{i}=\omega^{i},$ $v_{i}’=\omega^{-i}$ for $i=1,2,$ $\ldots,$ $K$
$u’$ $u$ $v’$ $v$ $A=A^{(K,N)}:=$
${}^{t}uu’+{}^{t}vv’$ [1, Remark 5]
$n,$ $k$ $N,$ $K$ $\Phi$









Lemma 8 2 to, $t_{2},$ $t_{3}$
2 $\sum_{i=0}^{[K/2]}(\begin{array}{l}K2i\end{array})(\frac{t_{0}}{2})^{K-2i}((\frac{t_{0}}{2})^{2}-t_{2}t_{3})^{i}$ (17)














Corollary 9. $\alpha>0$ $A$
$\det_{\alpha}A\geq 0$ $\alpha\leq 1$





$3F2(-\epsilon,$ $\frac{1-K}{2},$ $- \frac{K}{2};\frac{1}{2},1-\epsilon|1)=1+\sum_{i=1}^{[K/2]}(\begin{array}{l}K2i\end{array})\frac{-\epsilon}{i-\epsilon}$
$<1+ \cdot\sum_{i=1}^{[K/2]}(\begin{array}{l}K2i\end{array})\frac{-\epsilon}{i}=1-\beta_{K}\epsilon$ (18)
$\beta_{K}:=\sum_{i=1}^{[K/2]}(\begin{array}{l}K2i\end{array})\frac{1}{i}$









41. $K=2$ . $K$ $\omega_{K}=-1$ $A=A^{(2,N)}$
: $u,$ $v\in R^{2+2N}$ :. $u_{i}=u_{i}’=1$ for $i=1,2,3,$ $\ldots,$ $2+N$ .. $u_{i}=u_{i}’=0$ for $i=3+N,$ $\ldots,$ $2+2N$ ,. $v_{1}=v_{1}’=1,$ $v_{2}=v_{2}’=-1$ ,. $v_{i}=v_{i}’=0$ for $i=3,$ $\ldots,$ $2+N$ ,. $v_{i}=v_{i}’=1$ for $i=3+N,$ $\ldots,$ $2+2N$ .
$i=1$ , . . . , $2+2N$ :
$\backslash i\Vert 1|2|3,$
$\ldots,$ $2+N|3+N,$ $\ldots,$ $2+2N$




$\phi_{N+2,0,0,N}=\phi_{N,0,0,N+2}=1,$ $\phi_{N+1,0,0,N+1}=2,$ $\phi_{N,1,1,N}=-2,$ $\phi_{N,2,0,N}=\phi_{N,0,2,N}=-1$
$\phi_{k_{1},k_{2},k_{3},k_{4}}$





[1, Proposition 4.4] Theorem 2
$\frac{\det_{\alpha}^{(2,N)}}{2c_{N}(\alpha)c_{N+2}(\alpha)}=\frac{2+2N\alpha-N\alpha^{2}}{1+(N+1)\alpha}arrow 2-\alpha$ $(Narrow+\infty)$ .
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4.2. $K=3$ . $\omega=\exp(2\pi\sqrt{-1}/3)$
$\backslash i\Vert 1|2|3|4,$







$=$ 2 $c_{N+3}(\alpha)c_{N}(\alpha)+6c_{N+2}(\alpha)c_{N+1}(\alpha)-6\alpha c_{N+2}(\alpha)c_{N+1}(\alpha)$
$=$ 2$c_{N+2}(\alpha)c_{N}(\alpha)\{(1+(N+2)\alpha)+3(1-\alpha)(1+N\alpha)\}$
$=$ 2$c_{N+2}(\alpha)c_{N}(\alpha)\{4+(4N-1)\alpha-3N\alpha^{2}\}$ .
[1, Remark 5] Theorem 2
$\frac{\det_{\alpha}^{(3,N)}}{2c_{N}(\alpha)c_{N+3}(\alpha)}=\frac{4+(4N-1)\alpha-3N\alpha^{2}}{1+(N+2)\alpha}arrow 4-3\alpha$ $(Narrow+\infty)$ .
4.3. $K=4$ . $\omega$K $=$
$\Phi(t_{1}, t_{2}, t_{3}, t_{4})$ $=$ $((t_{1}+t_{4})^{4}-4(t_{1}+t_{4})^{2}t_{2}t_{3}+2t_{2}^{2}t_{3}^{2}-t_{2}^{4}-t_{3}^{4})t_{1}^{N}t_{4}^{N}$ ,
$\Phi_{diag}(t_{1}, t_{2}t_{3}, t_{4})$ $=$ $((t_{1}+t_{4})^{4}-4(t_{1}+t_{4})^{2}t_{2}t_{3}+2t_{2}^{2}t_{3}^{2})t_{1}^{N}t_{4}^{N}$ .
$\varphi_{n,N+4,N+4}=\varphi_{n,N,N}=1,$ $\varphi_{n,N+3,N+3}=\varphi_{n,N+1,N+1}=4,$ $\varphi_{n,N+2,N+2}=6$ ,





$=$ 2 $c_{N+4}c_{N}+8c_{N+3}c_{N+1}+6c_{N+2}^{2}-8 \alpha c_{N+3}c_{N+1}-8\alpha c_{N+2}^{2}+2\cross\frac{2\alpha^{2}c_{N+2}^{2}}{c_{2}}$
$=$ $2c_{N+2}c_{N}\cross\{(1+(N+2)\alpha)(1+(N+3)\alpha)+4(1-\alpha)(1+N\alpha)(1+(N+2)\alpha)$
$+(3-4 \alpha+\frac{2\alpha^{2}}{1+\alpha})(1+N\alpha)(1+(N+1)\alpha)\}$
$=$ 2 $c_{N+3^{C}N+1} \cross\{\frac{1+(N+3)\alpha}{1+N\alpha}+4(1-\alpha)+\frac{(1-\alpha)(3+2\alpha)(1+(N+1)\alpha)}{(1+\alpha)(1+(N+2)\alpha)}\}$
$c_{N}(\alpha)$ $c_{N}$ Theorem 2
$\frac{\det_{\alpha}^{(3,N)}}{2c_{N}(\alpha)c_{N+4}(\alpha)}arrow\frac{8-6\alpha^{2}}{1+\alpha}$ $(Narrow+\infty)$ .
4.4. Theorem 2 3F2 $(-\epsilon,$ $\frac{1-K}{2},$ $- \frac{K}{2};\frac{1}{2},1-\epsilon|1)$ $K=2,$ $\ldots,$ $6$
$K=2$ ; $1- \frac{\epsilon}{1-\epsilon}=2-\alpha$ ,
$K=3$ ; $1- \frac{3\epsilon}{1-\epsilon}=4-3\alpha$ ,
$K=4$ ; $1- \frac{6\epsilon}{1-\epsilon}-\frac{\epsilon}{2-\epsilon}=\frac{8-6\alpha^{2}}{1+\alpha}$ ,
$K=5$ ; $1- \frac{10\epsilon}{1-\epsilon}-\frac{5\epsilon}{2-\epsilon}=\frac{16-4\alpha-10\alpha^{2}}{1+\alpha}$,
$K=6$; $1- \frac{15\epsilon}{1-\epsilon}-\frac{15\epsilon}{2-\epsilon}-\frac{\epsilon}{3-\epsilon}=\frac{32+48\alpha-44\alpha^{2}-30\alpha^{3}}{(1+\alpha)(1+2\alpha)}$ .
$\alpha$
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